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A Hamilton cycle of PG(4,2) — {x}

Hiroaki TANIGUCHI

Synopsis
We construct a Hamilton cycle on the point-line graph of PG(4,2) — {x}.

1 Introduction

In this article, we prove the following theorem.

Theorem 1. There exist fifteen lines L1, Lo, - - - , L15 and a point * in PG(4,2) such that PG(4,2)—{x} =
LiULyU---ULys with LN Lj =0 if i — j (mod 15) > 2 and j —i (mod 15) > 2.

We define the points P; := L; N L; 41 for 1 <4 < 15. Then this theorem says that

PG(4,2):P1P2UP2P3U"'UP13P14UP14P15UP15P1U{*},
where P;P; 1 N P;Pjy1 =0 if and only if {¢,i + 1} N{j,j + 1} = 0.
Let w be an element of GF(22) which satisfies that w? +w + 1 = 0.

Lemma 1. We regard GF(2*) — {0} as GF(2%) x GF(22?) — {(0,0)}. Then we have GF(2*) — {0} =
My U My U Mz U My U Ms, where [M;| = 3 with -y« =0 for 1 <i <5 and My N\ My =0 for
1<j<k<5 as follows;

M; ={a=(1,0),aw = (w,0), aw2:(w2 0)},
My = {b=(0,1),bw = (0,w),bw? = (0,w*)},
Mz ={c=(1,1),cw = (w,w), cw? = (w?,w?)},
My ={d=(1,w), wz(w w? 7de (w?, 1)}

We also have another decomposition GF(2%) — {0} = Ny U Ny U N3 U Ny U N5, where |N;| = 3 with
ZreNix:0for1§i§5 and NjN N =0 for1 <j<k<5 as follows;

Ny = = (1,0),¢ = (w,1),de? = (&, 1)}

Ny = {aw = (w,0), ew = (W w),d = (1,w)}

N3 ={b=(0,1),dw = (w,w?),cw = (w,w)}

Ny = {bw = (0,w),c = (1,1),ew? = (1,w?)}

N5 = {bw? = (0,0?), cw? = (W?, w?),aw?® = (W?,0)}.

*DoO000oooopooooooo
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Lemma 2. PG(4,2) = M, U My U My U M, U My, where M, = PG(2,2) for 1 < i < 5 such that
M; N M, = {x} for1<j<k<5.

Proof. We regard PG(4,2) = GF(2%) x GF(2) — {(0,0)} and * = (0,1). ;From M, Ms,..., Ms of

Lemma 1, we define the projective planes M{, MQ,, ey Mg as follows;
My = {(a,1), (aw, 1), (aw?, 1), (a,0), (aw, 0), (aw?,0), (0, 1)}
M, = {(b, 1), (bw, 1), (bw?, 1), (b,0), (bw, 0), (bw?,0), (0,1)}
My = {(c,1), (ew, 1), (e?, 1), (¢, 0), (cw, 0), (ew?,0), (0, 1)}
M, = {(d, 1), (dw, 1), (dw?, 1), (d,0), (dw,0), (dw?,0), (0,1)}
My = {(e,1), (ew, 1), (ew? 1), (e, 0), (ew, 0), (ew?,0), (0,1)}
Then M{ U Mé U M:; U M:l U Mgl) is a desired decomposition. O

(From Ni, N, ..., N5 of Lemma 1, we define the lines N{,Né, ce NE/) of PG(4,2) as follows;

{(a,1), (e, 0), (dw?, 1)}
{(aw, 1), (ew,0), (d, 1)}

N; ={(b,1), (dw,0), (cw, 1)}
{(bw, 1), (¢,0), (ew?, 1)}
{(bw?, 1), (cw?,0), (aw?,1)}.

2 Proof of Theorem 1

Let us observe the following arrangement of the sets of Lemma 1;

M, = {aw, aw?, a},
Ny = {a,e,dw?},

My = {dw? d,dw},
N3 = {dw, cw, b},

My = {b, bw, bw?},

N5 = {bw?, aw?, cw?},
My = {cw?, cw, c},

Ny = {c, bw, ew?},
My = {ew? e, ew},
Ny = {ew,d, aw}.

Then we notice that there exists an circular arrangement of the sets
««—> My —- Ny > My - N3 — My — N5 — M3 — Ny — Mz — Ny — My — ---. (1)
Using (1), we define the circular arrangement of the projective planes and lines as follows;
-+ — M, — Ny — M, — Ny — My — N, — My — N, — M, — Ny — M, —

Since PG(4,2) — {x} = GF(2*) x GF(2) — {(0,0),(0,1)}, we can define the lines Ly, Lo, ..., L5 using

this circular arrangement.
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Firstly, choose the lines Ly and Ly C M{ as follows;

Ly := {(aw, 1), (a,0), (aw? 1)}
Ly := {(an, 1), (aw,0), (a, 1)}.

Next we choose L3 := N, = {(a,1), (¢,0), (dw?,1)}. Secondly, let the lines Ly, Ls C M, as follows;

Ly := {(dw? 1), (dw,0), (d,1)}
Ls := {(d, 1), (dw?,0), (dw,1)}.

Then choose Lg := Ny = {(dw, 1), (cw,0), (b,1)}. Let the lines L7, Ly C M, as follows;

L7 = {(b’ 1)7 (bw2a 0)’ (bwa 1)}
Lg := {(bw, 1), (b,0), (bw?,1)}.

We set Lo := Ny = {(bw?, 1), (aw?,0), (cw?,1)}. Let Lyg, L1; C My as;

Ly = {(szv 1), (¢, 0), (ew, 1)}
L1y = {(cw, 1), (cw?,0), (¢, 1)}.

Then, we set Ly := N, = {(¢, 1), (bw,0), (ew?,1)}. We define Ly3, L1y C Mj such as;

Lis:= {(er, 1)7 (ewv 0)7 (67 1)}
L1y = {(e, 1), (ew?,0), (ew,1)}.

Lastly, we define L5 := N, = {(ew, 1), (d,0), (aw,1)}. By the above construction, we can easily check

that the lines Ly, Lo, - - - , L15 satisfies the desired conditions.
ooooo

1) R. Lidl and H. Niederreiter, Finite Fields, Cambridge University press(2003).
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